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Transport Theory Using the
Relaxation-time Approximation



Transport theory in this Chapter

* Take the distribution of molecular velocity into
account

 Still use drastic approximations



Some definition

f (r,v,t) Molecular distribution function

3_13.. _ Mean number of molecules
f(r’v’t)d rd*v = betweenrandr+dr;vand v+ dv

n(r,t)= jd?’vf (r,v,t) Mean number

o 1 : Mean
(X(rrt)) = X(r:t) = n(r,t) f d ‘Uf(l‘,v,t)x(l',‘l?,t) function

u(r.t)=(v(r,t))= n(i’t)jd?’vf (r,v,t)V  Meanv

U=v-u <U>

<V> —u=0 Peculiar velocity
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The net flux

Falrt) = fn-v:.-o div flf- Ul x — fn-m:u d®v flf - Ul x

4

F.(r,t) = [ d3v fi- Uy

] n:jd3vf

ﬁn(l’,t) =n (ﬁ * Ux>

Fp = N+ F
F = (Ux)

Gample of gas viscosity \

y=mv n-u=u,

P.o = nm{U.te)

= U (ta + Ua)) = nmlua(Us) + (UsUs)]
P zae = m(UlUll)

Since us;#0andu, =0

E= vty = mf d* ot /




Transport without collision

For each molecule: mass m, external force F(r,t)
F(r,t) here do not depend on v
Attime t' =t +dt
r=r+¢tdt=r+vdt
t+dt v’=v+édt=v+%th

In absence of collision,
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The distortion of phase space
dsr’ d*v' = |J| d%r d*v
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Boltzmann equation without collisions
f(r' o) d3 A3’ = f(r,v,t) d*r dPv d3r’ d%' = ddr ddv

Then, f@' V') = f(r,v0) f remain unchanged
fr +#dt, v+ odt, t + dt) — f(r,0,t) =0

By partial derivatives,
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When collision take place

Number of molecules change in d3r d3v
Net increase per time in dr d3v: Df dr d3v

f(r + Fdt, v+ o dt, t + dt) d®r' d3v' = f(rv,t) d®r d?v + Dcf d®r d3v dt
Df = Dc¢f Boltzmann Equation

Assume: effect of collisions is to restore local equilibrium situation
f O, Then disturb it, we get f. Relaxation time: 1,

Def = _f — f©
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Path integral formulation

If no collisions

f(r,v,t) = f(r{hvﬂ:tﬂ)

Collision between t, and
t,-dt’;

continue to move without
further collision for t'

Such probability:
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Number of molecules survive:
e dt’  Equivalent to
r.v,l =f O (ro, vo, t — t') e¥IT — g _
flrv) 0 FO(ro vo ) 7 Boltzmann equation



where

Calculation of Viscosity

f(ﬂ)(r’v’t) = glvx _" u’-’f(z): vy;”z] = Q(Uz: UU: Ua‘!)
U:. = v — ul2), U, = v, U, = v,

g(U-T:Uu:U) = g(U) = n(?;f) e —18mU?
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From Boltzmann 1. _ 3f+v 3f +EF o _ _f=F

equation: o £ o
— §1(0)
f does not depend on t; no F v: 5 af _f=7
-
Assume 9f/0z r 0 . 0 o
sufficiently small f=F9+7%,  with fO LS
af({l) ag U,
(1) — — f(0) — __ _
f f f TV, £y TV, BU,_ 9z

P., = m/ div fU,U, Where [ d3v fOU, U, =
.. Uz
By definition, P..= —n1 e

Then, o = —m[davaag Uz2U.s




dg

n = —mfd3U U2Unr

Substitute t by amean 7,
After integrating,

7 = m7[ d3U gU,* = m#nU,?

In Maxwell distribution, 3mU.? = kT 5 = nkT7

or Tz=40¢ n=3mwmiU?

Ifoneput T2 ~ U2 Then, +U =1
At the same time . is small so that U =~ 7

n = %ﬂ,mlt‘; which is equal to the result of elementary
Kinetic theory



